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Abstract 
 
After reviewing the construction of metric from premetric electrodynamics with 
empirical improvement of accuracy in the skewonless case, we explore the role of 
skewons in the construction of spacetime metric in the full premetric electrodynamics. 
For metric principal part plus skewon part, we have shown that the Type I skewon 
part is constrained to < a few × 10−35 in the weak field/weak EEP violation limit. Type 
II skewon part is not constrained in the first order. However, in the second order it 
induces birefringence; the nonbirefringence observations constrain the Type II skewon 
part to  10−19. Nevertheless, an additional nonmetric induced second-order 
contribution to the principal part constitutive tensor compensates the Type II skewon 
birefringence and makes it nonbirefringent. This second-order contribution is just the 
extra piece to the core-metric principal constitutive tensor induced by the 
antisymmetric tensor. From the Tamm-Rubilar tensor density and the dispersion 
relation for the spacetime medium with the asymmetric-metric-induced constitutive 
tensor, we know that it is nonbirefringent. The antisymmetric metric induced 
constitutive tensor has a pseudoscalar part in the decomposition. The variation of his 
part is constrained by observation on cosmic polarization rotation to < 0.03, and gives 
one constraint on the 6-degree-of-freedom antisymmetric metric. Further studies of 
these 6 degrees of freedom experimental and theoretically are desired.  
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1. Introduction 
 
1.1. Premetric formulation of electromagnetism 
 
In the historical development, special relativity arose from the invariance of 
Maxwell equations under Lorentz transformation. In 1908, Minkowski [1] further put 
it into 4-dimensional geometric form with a metric invariant under Lorentz 
transformation. The use of metric as dynamical gravitational potential [2] and the 
employment of Einstein Equivalence Principle for coupling gravity to matter [3] are 
two important cornerstones to build general relativity [2,4]. In putting Maxwell 
equations into a form compatible with general relativity, Einstein noticed that the 
equations can be formulated in a form independent of the metric gravitational 
potential in 1916 [5,6]. Weyl [7], Murnaghan [8], Kottler [9] and Cartan [10] further 
developed and clarified this resourceful approach. 
Maxwell equations for macroscopic/spacetime electrodynamics in terms of 
independently measurable field strength Fkl (E, B) and excitation (density with weight 
+1) Hij (D, H) do not need metric as primitive concept (See, e. g., Hehl and Obukhov 
[11]): 
 
Hij,j = − 4π Ji,                                    (1a) 
eijkl Fjk,l = 0,                                     (1b)                  
 
with Jk the charge 4-current density and eijkl the completely anti-symmetric tensor 
density of weight +1 (e0123 = 1). We use units with the light velocity c equal to 1.To 
complete this set of equations, a constitutive relation is needed between the excitation 
and the field: 
 
Hij = (1/2) χijkl Fkl.                                 (2) 
 
Both Hij and Fkl are antisymmetric, hence χijkl must be antisymmetric in i and j, and in 
k and l. Hence the constitutive tensor density χijkl (with weight +1) has 36 independent 
components, and can be uniquely decomposed into principal part (P), skewon part (Sk) 
and axion part (A) as given in [11, 12]: 
 
χijkl = (P)χijkl + (Sk)χijkl + (Ax)χijkl,    (χijkl = − χjikl = − χijlk)                (3) 
 
with 
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  (P)χijkl = (1/6)[2(χijkl + χklij ) − (χiklj + χljik) − (χiljk + χjkil)],               (4a) 
  (Ax)χijkl = χ[ijkl] = φ eijkl,                                         (4b) 
  (Sk)χijkl = (1/2) (χijkl − χklij ).                                      (4c) 
 
The principal part has 20 degrees of freedom. The axion part has one degree of 
freedom. The Hehl-Obukhov-Rubilar skewon part (4c) can be represented as 
 
(Sk)χijkl = eijmk Sml − eijml Smk,                              (5) 
 
with Sm
n a traceless tensor of 15 independent degrees of freedom [11].  
    There are two equivalent definitions of constitutive tensor which are useful in 
various discussions (See, e. g., Hehl and Obukhov [11]). The first one is to take a dual 
on the first 2 indices of χijkl: 
 
κijkl  (1/2)eijmn χmnkl,                              (6) 
 
where eijmn is the completely antisymmetric tensor density of weight −1 with e0123 = 1. 
Since eijmn is a tensor density of weight −1 and χmnkl a tensor density of weight +1, κijkl 
is a tensor. From (6), we have 
 
χmnkl = (1/2)eijmnκijkl.                             (7) 
 
With this definition of constitutive tensor κijkl, the constitutive relation (2) becomes 
 
*Hij = (1/2) κijkl Fkl,                              (8) 
  
where *Hij is the Hodge dual of H
ij, i.e. 
 
*Hij  (1/2) eijmn Hmn.                            (9) 
 
The second equivalent definition of the constitutive tensor is to use a 6 ×
 6 matrix 
representation κIJ. Since κijkl is nonzero only when the antisymmetric pairs of indices 
(ij) and (kl) have values (01), (02), (03), (23), (31), (12), the index pairs can be 
enumerated by capital letters I, J, … from 1 to 6 to obtain κIJ ( κijkl). With the 
relabeling, Fij FI, Hij  HI, eijmn  eIJ, eijmn  eIJ. We have FI = (E, −B) and *HI = 
(−H, D). eIJ and eIJ can be expressed in matrix form as 
 
                                0   I3 
eIJ = e
IJ =           ,                         (10) 
                                I3   0 
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where I3 is the 3 × 3 unit matrix. In terms of this definition, the constitutive relation (8) 
becomes 
 
*HI = κIJ FJ,                               (11) 
 
where *HI  *Hij = eIJ HJ. The axion part (Ax)χijkl (= φ eijkl) now corresponds to 
 
                                I3   0 
(Ax)κIJ = φ         = φ I6,                     (12) 
                                0   I3 
 
where I6 is the 6 × 6 unit matrix. The principal part and the axion part of the 
constitutive tensor all satisfy the following equation (the skewonless condition): 
 
eKJκJI = eIJ κJK.                           (13) 
 
1.2. Construction of spacetime structure from premetric electrodynamics in the 
skewonless case 
 
In this subsection, we review the construction of spacetime structure from 
premetric electrodynamics. The first issue here is that how to (with what conditions 
can we) reach a metric or, owing to conformal invariance, how to reach a Riemannian 
light cone (a core metric up to conformal invariance) from the constitutive tensor. 
This issue has been studied rather thoroughly in the skewonless case, i.e. in the case 
that χijkl is symmetric under the exchange of the index pairs ij and kl (in terms of the 
6×6 matrix representation κIJ, equation (13) is satisfied) and has 20 principal 
components and 1 axionic component. In this case, the Maxwell equations can be 
derived from the Lagrangian L (= LI
(EM) + LI
(EM-P)) with the electromagnetic field 
Lagrangian LI
(EM) and the field-current interaction Lagrangian LI
(EM-P) given by 
 
LI
(EM) = − (1/(8π))Hij Fij = − (1/(16π))χijkl Fij Fkl,             (14) 
LI
(EM-P) = − Ak Jk,                                                        (15) 
 
with χijkl = −χjikl a tensor density of the gravitational fields or matter fields to be 
investigated, Fij ≡ Aj,i − Ai,j the electromagnetic field strength tensor, Ai the 
electromagnetic 4-potential guaranteed by the second Maxwell equation (1b), and 
comma denoting partial derivation. We note that only the part of χijkl which is 
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symmetric under the interchange of index pairs ij and kl contributes to the Lagrangian, 
i.e. skewon part does not contribute and we assume it is absent in this subsection. 
Three conditions have been studied for this symmetric constitutive tensor: 
 
(i) The closure condition: Toupin [13], Schönberg [14], and Jadczyk [15] have 
investigated this approach. The closure condition on the skewonless constitutive 
tensor is 
 
κ κ = (κIJ κJK) = (1/6) tr(κ κ) I6.                           (16) 
 
With this closure condition, it has been shown that the constitutive tensor must be 
metric with a dilatonic degree of freedom ψ, i.e.,  
 
χijkl = (−h)1/2[(1/2)hik hjl − (1/2)hil hkj]ψ,                     (17) 
 
where hij is a symmetric metric with inverse hij, h = det (hij), and ψ is a scalar (dilaton) 
degree of freedom. 
(ii) The Galileo weak equivalence principle: In the 1970s, we used Galileo 
Equivalence Principle and derived its consequences for an electromagnetic system 
with the particle Lagangian LI
(P) [16,17]: 
 
LI
(P) = − ΣI mI (dsI)/(dt) δ(x−xI).                         (18) 
 
Here mI is the mass of the Ith (charged) particle and sI its 4-line element from the 
metric gij. The result is that the constitutive tensor density χijkl and the particle metric 
must satisfy the following relation:  
 
χijkl = (−g)1/2[(1/2) gik gjl − (1/2) gil gkj] + φ eijkl,              (19) 
 
where gij is the inverse of the particle metric gij, g = det (gij), and φ is a pseudoscalar 
(axion) degree of freedom in the relation. Since it is well-known that the axion degree 
of freedom does not affect the propagation of light in the lowest eikonal 
approximation [11,18-24], the particle metric gij (or gij) also generates the light cone 
for electromagnetic wave propagation in this approximation.         
                                     
(iii) The nonbirefringence condition: The third approach used empirical 
observations/experiments to constrain the constitutive tensor density interaction [18- 
20]. From the nonbirefringence observations of electromagnetic wave propagation in 
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spacetime, we constructed the light cone and constrained the constitutive tensor to 
metric form compatible with this light cone plus an additional scalar (dilaton) field 
and an additional pseudoscalar (axion) field to high precision [18-20]. The theoretical 
condition for no birefringence (no splitting, no retardation) for electromagnetic wave 
propagation in all directions is that the constitutive tensor density χijkl can be written 
in the following form 
 
χijkl = (−h)1/2[(1/2) hik hjl − (1/2) hil hkj]ψ + φ eijkl,               (20) 
                                             
where hij is a metric constructed from χijkl (h = det (hij) and hij the inverse of hij) which 
generates the light cone for electromagnetic wave propagation [18-21].  
We constructed the relation (20) in the weak-violation approximation of the 
Einstein Equivalence Principle (EEP) in 1981 [18-20]; Haugan and Kauffmann [21] 
reconstructed the relation (20) in 1995. After the cornerstone work of Lämmerzahl 
and Hehl [22], Favata [25] finally proves the relation (20) without assuming 
weak-field approximation (see also Dahl [26]). Polarization measurements of 
electromagnetic waves from pulsars and cosmologically distant astrophysical sources 
has yielded stringent constraints agreeing with (20) down to 1016 and 1032 
respectively (for a review, see [24]). Recent polarization observations on gamma-ray 
bursts gives even better constraints on nonbirefringence in cosmic propagation 
[27,28]. The observation on the polarized gamma-ray burst GRB 061122 (z = 1.33) 
gives a lower limit on its polarization fraction of 60% at 68% confidence level (c.l.) 
and 33% at 90% c.l. in the 250-800 keV energy range [27]. The observation on the 
polarized gamma-ray burst GRB 140206A constrains the linear polarization level of 
the second peak of this GRB above 28 % at 90% c.l. in the 200-400 keV energy range 
[28]; the redshift of the source is measured from the GRB afterglow optical 
spectroscopy to be z = 2.739. Since birefringence is proportional to the wave vector k 
in our case, as gamma-ray of a particular frequency (energy) travels in the cosmic 
spacetime, the two linear polarization eigen-modes would pick up small phase 
differences. A linear polarization mode from distant source resolved into these two 
modes will become elliptical polarized during travel and lose part of the linear 
coherence. The way of gamma ray losing linear coherence depends on the frequency 
span. For a band of frequency, the extent of losing coherence depends on the distance 
of travel. The depolarization distance is of the order of frequency band span π∆f times 
the integral I = (1 + z(t))dt of the redshift factor (1 + z(t)) with respect to the time of 
travel. For GRB 140206A, this is about 
 
π∆f I = π∆f (1 + z(t))dt  1.5 × 1020 Hz × 0.6 × 1018 s  1038.          (21) 
 
Since we do observe linear polarization in the 200-400 kHz frequency band of GRB 
140206A with lower bound of 28 %, this gives a fractional constraint of about 10−38 
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on a combination of χ’s. A similar constraint can be obtained for GRB 061122 (the 
band width times the redshift is about the same). A more detailed modeling may give 
better limits. The distribution of GRBs is basically isotropic. When this procedure is 
applied to an ensemble of polarized GRBs from various directions, the relation (20) 
would be verified to about 10−38. For a more detailed discussion, please see [29]. 
    Nonbirefringence (no splitting, no retardation) for electromagnetic wave 
propagation independent of polarization and frequency (energy) in all directions can 
be formulated as a statement of Galilio Equivalence Principle for photons. However, 
the complete agreement with EEP for photon sector requires (i) no birefringence; (ii) 
no polarization rotation; (iii) no amplification/no attenuation in spacetime propagation. 
With nonbirefringence, any skewonless spacetime constitutive tensor must be of the 
form (20) as we just reviewed. Assuming (20) in [30], we have shown that with the 
condition of no amplification/no attenuation and the condition of no polarization 
rotation satisfied, the the dilaton ψ and axion φ should be constant respectively. That 
is, no varying dilaton field and no varying axion field respectively; the EEP for 
photon sector is observed; the spacetime constitutive tensor is of metric-induced form. 
Thus we tie the three observational conditions to EEP and to metric-induced 
spacetime constitutive tensor in the photon sector. We summarize the accuracies of 
verifying these three empirical conditions in Table I. 
 
Table I. Constraints on the spacetime constitutive tensor χijkl and construction of the 
spacetime structure (metric + axion field φ + dilaton field ψ) from 
experiments/observations in skewonless case (U: Newtonian gravitational potential) 
Experiment Constraints Accuracy 
Pulsar Signal Propagation 
Radio Galaxy Observation 
Gamma Ray Burst (GRB) 
χijkl  ½  (−h)1/2[hik hjl − hil hkj]ψ + φeijkl 
10−16  
10−32  
10−38  
CMB Spectrum Measurement ψ  1 8 × 10−4  
Cosmic Polarization Rotation 
Experiment 
φ − φ0 ( α)  0 
|<α>| < 0.02,  
<(α − <α>)2>1/2 
< 0.03 
Eötvös-Dicke-Braginsky 
Experiments 
ψ  1 
h00  g00 
1010 U 
106 U 
Vessot-Levine Redshift 
Experiment 
h00  g00 1.4 × 104 U 
Hughes-Drever-type 
Experiments 
hij  gij 
h0i  g0i 
h00  g00 
1018 U 
1013 -1014 U 
1010 U 
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The birefringence condition is the condition amenable to the most precise 
observations. The constraint listed in the third row on the dilaton field is from the 
agreement of the cosmic microwave background (CMB) to blackbody radiation and 
its precise calibration [30]. The constraints listed on the axion field are from the UV 
polarization observations of radio galaxies and the CMB polarization observations 
[31,32,23,24] -- 0.02 for Cosmic Polarization Rotation (CPR) mean value |<α>| and 
0.03 for the CPR fluctuations <(α − <α>)2>1/2.  
We further constrained the light cone metric to matter metric up to a scalar factor 
from Hughes-Drever-type experiments and the dilaton to 1 (constant) from 
Eötvös-type experiments to high precision [18,19,24,33]. These analyses apply to 
weak field and strong field equally well. In summary, we can construct the spacetime 
metric plus mild constraints on axion (pseudoscalar) degree of freedom from 
experiments/observations in the constitutive tensor framework in the skewonless case 
as in Table I. The constraint on dilaton before the last scattering surface of CMB 
needs more study in view of various dilatonic inflationary theories. 
In section 2, we discuss the empirical foundation of the closure relation. In 
section 3, we study the constraints on Type II skewon field to second order. Although 
the constitutive tensor with the metric principal part and Type II skewon part is 
birefringent in the second order, an added 2nd order nonmetric piece to the metric 
principal part would make the constitutive tensor nonbirefringent. This added part 
turns out to be just the extra piece in the principal part of an asymmetric-metric 
induced constitutive tensor. In section 4, we turn to the study of dispersion relation of 
an asymmetric-metric induced constitutive tensor. In section 5, we study the 
experimental/observational constraints on the asymmetric-metric induced spacetime 
constitutive tensor. In section 6, we present an outlook and a few discussions.  
 
2. Empirical foundation of the closure relation for skewonless case 
 
In terms of κijkl (defined in (6)) and re-indexed κIJ, the constitutive tensor (20) is 
represented in the following forms: 
 
κijkl = (1/2) eijmn χmnkl = (1/2) eijmn (−h)1/2 hmk hnl ψ + φ δijkl,         (22) 
κIJ = (1/2) eijmn (−h)1/2 hmk hnl ψ + φ δIJ,                     (23) 
 
where δijkl is a generalized Kronecker delta defined as 
 
δijkl = δik δjl – δil δjk.                             (24) 
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In the derivation, we have used the formula 
 
eijmn e
mnkl = 2 δijkl.                            (25) 
  
Let us calculate κijklκklpq for the constitutive tensor (22): 
 
κijkl κklpq = [(1/2) eijmn (−h)1/2 hmk hnl ψ + φ δijkl] [(1/2) eklrs (−h)1/2 hrp hsq ψ + φ δklpq] 
=  (1/2) δijpqψ2 + 2 δijpqφ2 + eijrs (−h)1/2 hrp hsq φ ψ 
=  (1/2) δijpqψ2 + 2 φ (P)κijpq                                 (26) 
 
where we have used (25) and the following relations 
 
eklrs h
mk hnl hrp hsq = emnpq det(huv),                        (27) 
det(huv) = [det(huv)]
−1 = h−1,                             (28) 
δijkl δklpq = 2 δijpq.                                     (29) 
 
In terms of the six-dimensional index I, equation (26) becomes 
 
κIJ κJK = (1/2) κijkl κklpq = δIK [(1/4)ψ2] + (P)κIK φ = (1/4) ψ2 δIJ + κIK φ.    (30) 
 
Thus the matrix multiplication of κIJ with itself is a linear combination of itself and 
the identity matrix, and generates a closed algebra of linear dimension 2. The 
algebraic relation (30) is a closure relation that generalizes the closure relation (16). 
The matrix multiplication of κIJ satisfies the closure relation (30). In case φ = 0, the 
axion part (Ax)κIJ of the constitutive tensor vanishes and (30) reduces to closure 
relation (16). 
        From the nonbirefringence condition (20), we derive the closure relation (30) in a 
number of algebraic steps which consist of order 100 individual operations of 
addition/subtraction or multiplication. Equation (20) is empirically verified to 10−38. 
Therefore equation (17) is empirically verified to 10−37 (precision 10−38 times 1001/2). 
Therefore, when there are no axion and no dilaton, the closer relation (16) is 
empirically verified to 10−37. Since dilaton is constrained to 8 × 10−4, if one allow for 
dilaton, relation (9) is verified to 8 × 10−4 since the last scattering surface of CMB; 
since axion is constrained to 10−2, if one allow for axion in addition, relation (9) is 
verified to 10−2 since the last scattering surface of CMB. 
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3. Constraints on skewon field to second order 
 
The skewon field can be decomposed into two types – Type I and Type II – by 
using the Minkowski metric ηij (or metric gij or hij) to raise and lower indices of Smn: 
  
I. Type I Skewon field: (SkI)χijkl with symmetric (SkI)Smn; 
II. Type II Skewon field: (SkII)χijkl with anti-symmetric (SkII)Smn, 
 
where  
 
Smn ≡ Smi ηin (or gij or hij); (SkI)Smn ≡ (1/2) (Smn + Snm); (SkII)Smn ≡ (1/2) (Smn − Snm), (31a) 
Smn = 
(SkI)Smn + 
(SkII)Smn.                     (31b) 
 
This classification is invariant under tensor transformation. General skewon field 
(Sk)χijkl can be written as the sum of two parts, i.e., (SkI)χijkl + (SkII)χijkl. Type I skewon 
field has 9 degrees of freedom. Type II skewon field has 6 degrees of freedom. The 
astrophysical and cosmological constraints on skewon field in spacetime 
electrodynamics have been discussed and studied in [34, 35]. We will discuss this 
issue in detail and put further constraints on it. 
 
3.1. Constraints on skewon field to first order in the weak field limit 
 
In a previous paper [35], we extended the weak-field analysis [18-20] to include 
the skewons. From the dispersion relation we show that no dissipation/no 
amplification condition implies that the additional skewon field must be of Type II. 
For Type I skewon field, the dissipation/amplification is proportional to the frequency 
and the CMB spectrum would deviate from Planck spectrum. From the high precision 
agreement of the CMB spectrum to 2.755 K Planck spectrum, we constrain the Type I 
cosmic skewon field |(SkI)χijkl| to ≤ a few × 10−35. The skewon part of constitutive 
tensor constructed from asymmetric metric is of Type II, hence is allowed in this 
approximation.  
The dispersion relation we have derived in [35] is 
 
     ω = k [1 + (1/2) (А(1) + А(2)) ± (1/2) ((А(1) − А(2))2 + 4B(1) B(2))1/2] + O(2),   (32) 
 
where  
 
  A(1) ≡ χ(1)1010 – (χ(1)1013 + χ(1)1310) + χ(1)1313,             (33a) 
  A(2) ≡ χ(1)2020 – (χ(1)2023 + χ(1)2320) + χ(1)2323,             (33b) 
  B(1) ≡ χ(1)1020 – (χ(1)1023 + χ(1)1320) + χ(1)1323,             (33c) 
  B(2) ≡ χ(1)2010 – (χ(1)2013 + χ(1)2310) + χ(1)2313.             (33d)  
 
The quantity under the square root sign is  
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        ξ ≡ (А(1) − А(2))2 + 4B(1) B(2) = (А(1) − А(2))2 + 4((P)B)2 – 4((Sk)B)2.       (34) 
 
Depending on the sign or vanishing of ξ, we have the following three cases of 
electromagnetic wave propagation: 
 
(i) ξ > 0, (А(1) − А(2))2 + 4((P)B)2 > 4((Sk)B)2: There is birefringence of wave 
propagation; 
(ii) ξ = 0, (А(1) − А(2))2 + 4((P)B)2 = 4((Sk)B)2: There are no birefringence and no 
dissipation/amplification in wave propagation; 
(iii) ξ < 0, (А(1) − А(2))2 + 4((P)B)2 < 4((Sk)B)2: There is no birefringence, but there are 
both dissipative and amplifying modes in wave propagation. 
 
When the principal part (P)χijkl of the constitutive tensor is given by (17), 
it is easy to check by substitution that  
 
                        A(1) = A(2) and 
(P)B(1) = 0.                      (35) 
 
In this case, (i) does not happen, (ii) and (iii) become 
 
(ii)’ ξ = 0, (Sk)B = 0: There are no birefringence and no dissipation/amplification in 
wave propagation; 
(iii)’ ξ < 0, (Sk)B ≠ 0: There is no birefringence, but there are both dissipative and 
amplifying modes in wave propagation. 
 
For type II skewon field, we have (Sk)B = 0; therefore it is the case (ii)’. In Sec.IV.A.1 
of Obukhov and Hehl [34], the type II skewon field with the core-metric principal part 
gives birefringence in the second order of the skewon field strength and there is no 
birefringence in the first order consistent with our first-order result. 
 
3.2. Constraints on skewon field to second order in the weak field limit 
 
The dispersion relation for the wave covector qi of electromagnetic propagation 
with general constitutive tensor (3) in the geometric-optics limit is given by the 
generalized covariant Fresnel equation [11]: 
 
Gijkl(χ)qiqjqkql = 0,                          (36) 
 
where Gijkl(χ) (= G(ijkl)(χ)) is a completely symmetric fourth order Tamm-Rubilar (TR) 
tensor density of weight +1 defined by 
 
Gijkl(χ) ≡ (1/4!) emnpq erstu χmnr(iχj|ps|kχl)qtu.                (37) 
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For the decomposition (3), Hehl, Obukhov and Rubilar [12] showed that 
 
Gijkl(χ) = Gijkl((P)χ) + (P)χmr(i|n| jSmkSnl).                (38) 
 
For constitutive tensor consists of metric-induced part (metric: gij) and Type II 
skewon with Smk ( gml Slk = amk = − akm), Obukhov and Hehl [34] showed that its 
Tamn-Rubilar tensor density is 
 
         Gijkl(χ) = − (−g)1/2g(ij gkl) + (P)χmr(i|n| jamkanl).            (39) 
 
To the first order of am
k (or Sm
k), there is nonbirefringence. However, in the second 
order, Obukhov and Hehl [35] showed that the light propagation is birefringent with 
one light cone defined by the spacetime metric gij and the second by the metric (2)gij: 
 
       (2)gij = gij − amiamj.                           (40) 
 
The dispersion relations for the wave propagation in the spacetime metric and in the 
second optical metric are 
 
    gij qi
 qj = 0,                            (41a) 
   (2)gij qi
 qj = g
ij qi
 qj − amiamj qi qj = 0.                 (41b) 
 
Let us calculate the birefringence of this constitutive tensor for plane wave 
propagating in the z-direction. We use a local inertial frame for calculation. The wave 
vector qi and covector qi for this plane wave are 
  
         qi = (ω, 0, 0, k); qi = (ω, 0, 0, −k).                  (42) 
 
From equations (41a,b), we obtain 
 
ω(1) = k,                                          (43a) 
ω(2) = k {1 – (1/2) [(a10 – a13)2 + (a20 – a23)2] + O(a4)}.     (43b) 
 
Therefore the birefringence index is 
 
Δn = n(1) − n(2) = ω(1)/k − ω(2)/k = (1/2) [(a10 – a13)2 + (a20 – a23)2] < 10-38,    (44a) 
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and 
 
             |a10 – a13| < 1.4 × 10–19; |a20 – a23| < 1.4 × 10–19.             (44b) 
 
Hence we have 
 
a10 = a13; a20 = a23 to 1.4 × 10–19                    (45). 
 
With nonbirefringence in all directions, we can show that all aij are of the order of a 
few × 10–19: (i) First, by a rotation in the yz-plane of 180° angle, we have a10 = a13  
and a20 = −a23; (ii) Second, by adding or subtracting (45), we have a10 = a13 = a20 = 
a23 = 0 to 10–19; (iii) Then, by permutation in space indices, we have a30 = a21 = 0 to 
10–19. Therefore all aij = 0 to 10–19. 
The birefringence (44a) is second order in ami (Sm
i). From the observation on 
gamma-ray burst, Obukhov and Hehl have obtained “the estimates sabsba  aababa < 7 
× 10−27 λ02 and nana < 3 × 10−27 ε02” (a, b, c,… = 1, 2, 3 are the 3 indices and na = Sa0; 
in our units, λ0 and ε0 are 1) and conclude that, “if the skewon indeed spoils the light 
cone structure, its influence should be extremely small” in their pioneer work. From 
improved gamma ray observations (assuming that the observed direction is not special) 
and more detailed analysis, we have shown that the Type II skewons are constrained 
to 10–19 and the square combinations of a’s are constrained to O(10–38) if the principal 
part is given by the metric core form (20). However, if the principal part has some 
additional part to cancel the skewon contribution to 
birefringence/amplification-dissipation, would there be no birefringence/no 
amplification-dissipation? This requires the effect of added principal part cancels the 
effect of skewon part in ξ in the second order. 
    Before we turn into this issue, we summarize various 1st-order and 2nd-order 
effects in wave propagation on media with the core-metric based constitutive tensors 
in Table II. 
 
4. Constitutive tensor from asymmetric metric and Fresnel equation 
 
Eddington [36], Einstein & Straus [37], and Schrödinger [38,39] considered 
asymmetric metric in their exploration of gravity theories. Just like we can build 
spacetime constitutive tensor from the (symmetric) metric as in metric theories of 
gravity, we can also build it from the asymmetric metric. Let qij be the asymmetric 
metric as follows: 
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χijkl = ½ (−q)1/2(qikqjl − qilqjk),                     (46) 
 
with q = det−1((S)qij). When qij is symmetric, this definition reduces to that of the 
metric theories of gravity. Resolving the asymmetric metric into symmetric part (S)qij 
and anti-symmetric part (A)qij: 
 
qij = (S)qij + (A)qij, with (S)qij ≡ ½ (qij + qji) and (A)qij ≡ ½ (qij – qji),     (47) 
 
we can decompose the constitutive tensor into the principal part (P)χijkl, the axion part 
(Ax)χijkl and skewon part (Sk)χijkl as follows [35,40]: 
 
χijkl = ½  (-q)1/2(qikqjl − qilqjk) = (P)χijkl + (Ax)χijkl + (Sk)χijkl,       (48a) 
with 
(P)χijkl ≡ ½ (-q)1/2 ((S)qik (S)qjl − (S)qil (S)qjk + (A)qik (A)qjl − (A)qil (A)qjk − 2(A)q[ik (A)qjl]),(48b) 
    (Ax)χijkl ≡ (-q)1/2 (A)q[ik (A)qjl],                       (48c) 
   (Sk)χijkl ≡ ½ (-q)1/2 ((A)qik (S)qjl − (A)qil (S)qjk + (S)qik (A)qjl − (S)qil (A)qjk).     (48d) 
 
The axion part (Ax)χijkl only comes from the second order terms of (A)qil.  
 
Table II. Various 1st-order and 2nd-order effects in wave propagation on media with the 
core-metric based constitutive tensors. (P)χ(c) is the extra piece [last 3 terms in (48b)] 
to the core-metric principal part for canceling the skewon contribution to 
birefringence/amplification-dissipation. 
Constitutive tensor 
Birefringence 
(in the 
geometric optics 
approximation) 
Dissipation/ 
amplification 
Spectroscopic 
distortion 
Cosmic 
polarization 
rotation 
Metric: ½  (−h)1/2[hik hjl − 
hil hkj] 
No No No No 
Metric + dilaton: 
½  (−h)1/2[hik hjl − hil hkj]ψ 
No (to all orders 
in the field) 
Yes 
(due to dilaton 
gradient) 
No No 
Metric + axion: 
½  (−h)1/2[hik hjl − hil hkj] 
+ φeijkl 
No (to all orders 
in the field) 
No No 
Yes (due to 
axion gradient) 
Metric + dilaton + axion: 
½  (−h)1/2[hik hjl − hil hkj]ψ 
+ φeijkl 
No (to all orders 
in the field) 
Yes 
(due to dilaton 
gradient) 
No 
Yes (due to 
axion gradient) 
Metric + type I skewon No to first order Yes Yes No 
Metric + type II skewon 
No to first order; 
yes to 2nd order 
No to first order 
and to 2nd order 
No No 
Metric + (P)χ(c)+ type II 
skewon 
No to first order; 
no to 2nd order 
No to first order 
and to 2nd order 
No No 
Asymmetric metric 
induced:  
½ (−q)1/2(qikqjl − qilqjk) 
No (to all orders 
in the field) 
No No 
Yes (due to 
axion gradient) 
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Using (S)qij to raise and its inverse to lower the indices, we have as equation (16) 
in [35] 
 
   Sij = ¼  εijmk (A)qmk; (A)qmk = − εmkij Sij,                    (49) 
                                   
where εijmk and εmkij are respectively the completely antisymmetric covariant and 
contravariant tensors with ε0123 = 1 and ε0123 = −1 in local inertial frame. Thus the 
skewon field from asymmetric metric is of type II.  
 
Dispersion relation in the geometrical optics limit. There are two ways to obtain 
the Tamm-Rubilar tensor density (37) for the dispersion relation (36). One way is by 
straightforward calculation; the other is by covariant method [40]. In the Appendix we 
outline the straightforward calculation to obtain the Tamm-Rubilar tensor density 
Gijkl(χ) for the asymmetric metric induced constitutive tensor: 
 
Gijkl(χ) = (1/8) (−q)3/2 det(qij) q(ijqkl) = (1/8) (−q)3/2 det(qij) (S)q(ij (S)qkl).      (50) 
 
Except for a scalar factor, (50) is the same as for metric-induced constitutive tensor 
with (S)qij replacing the metric gij or hij. Therefore in the geometric optical 
approximation, there is no birefringence and the unique light cone is given by the 
metric (S)qij. 
 
5. Constraints on asymmetric-metric induced constitutive tensor 
 
Although the asymmetric-metric induced constitutive tensor leads to a Fresnel 
equation which is nonbirefringent, it contains an axionic part:  
 
      (Ax)χijkl ≡ (-q)1/2 (A)q[ik (A)qjl] = φ eijkl; φ ≡ (1/4!) eijkl (−q)1/2 (A)q[ik (A)qjl],     (54) 
 
which induces polarization rotation in wave propagation. Constraints on cosmic 
polarization rotation (CPR) and its fluctuation constrain the axionic part and therefore 
also constrain the asymmetric metric. The variation of φ (≡ (1/4!) eijkl (−q)1/2 (A)q[ik 
(A)qjl]) is constrained by observations [31,32,23,24] on the cosmic polarization rotation 
to < 0.02 and its fluctuation to < 0.03 since the last scattering surface, and in turn 
constrains the antisymmetric metric of the spacetime for this degree of freedom. The 
antisymmetric metric has 6 degrees of freedom. Further study of the remaining 5 
degrees of freedom experimentally and theoretically would be desired. 
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6. Discussion and outlook 
 
In the following, we highlight a few points and discuss various issues to be 
studied further. 
(i) The complete agreement with EEP for photon sector requires (i) no 
birefringence; (ii) no polarization rotation; (iii) no amplification/no attenuation in 
spacetime propagation. We summarize the empirical verifications of these conditions 
in Table I. Nonbirefringence (no splitting, no retardation) for electromagnetic wave 
propagation in all directions independent of polarization and frequency (energy) 
(Galilio Equivalence Principle for photons) is the basic condition. With no 
birefringence, any skewonless spacetime constitutive tensor must be of the core 
metric form (20) with a dilatonic freedom and an axionic freedom. With the recent 
polarization observation on GRBs, we have shown in Section 1.2 that the 
nonbirefringence condition is verified to 1038 in the direction of observation. More of 
this kind of observations would verify the complete core metric form to 1038 or better. 
From the core metric form, we have shown that the generalized closure relation (30) 
holds and is verified empirically to 1037. Therefore with no (varying) dilaton and no 
(varying) axion, the original closure relation (16) is verified empirically to 1037. This 
is probably the best empirical evidence for the closure relation. Further 
experiments/observations to look for birefringence, dilaton and axion are desired. 
(ii) When skewon is an allowed piece in the constitutive tensor with the 
core-metric principal part, various effects in wave propagation for various 
combinatorial constitutive tensors are tabulated in Table II. Type I skewon field 
induces amplification/dissipation with frequency dependence/distortion in wave 
propagation, and is constrained to a few × 1035 [35]. Type II skewon part with metric 
constitutive tensor is not constrained in the first order. In the second order it induces 
birefringence and is constrained to < 10−19 from cosmic nonbirefringence observations. 
An additional nonmetric principal-part constitutive tensor from the extra piece 
induced by the antisymmetric metric tensor compensates the Type II skewon 
nonbirefringence and makes the whole constitutive tensor nonbirefringent.  
(iii) The medium/spacetime with asymmetric-metric-induced constitutive tensor 
is nonbirefringent. However, its constitutive tensor has a pseudoscalar part in the 
decomposition. The time variation of this part is constrained by observation on the 
cosmic polarization rotation to < 0.02 since the last scattering surface while its space 
fluctuations are constrained to < 0.03 on the last scattering surface. In turn this degree 
of freedom of the antisymmetric metric of the spacetime is constrained 
correspondingly. Further studies on the constraints or evidence for this degree of 
freedom and the remaining 5 degrees of freedom are warranted.  
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    (iv) Ever since the skewon field was proposed by Hehl, Obukhov and Rubilar 
[12, 42] and it has been studied extensively [43-48,35]. As demonstrated in these 
studies, skewons are rich in their properties. Further studies on general properties and 
specific examples may lead to better understanding and potential applications. 
(v) In previous papers [49,50], we have explored the foundations of classical 
electrodynamics using χ-framework. The results of this paper further support the 
empirical foundations of Maxwell-Lorentz theory of electromagnetism, especially the 
high accuracy verification of the generalized closure relation which is related to 
(generalized) electromagnetic duality. 
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Appendix. Calculation of the Tamm-Rubilar (TR) tensor density for the 
constitutive tensor induced by asymmetric metric 
 
In this Appendix, we calculate the Tamm-Rubilar (TR) tensor density for the 
constitutive tensor induced by asymmetric metric (48a-d). There are two ways to 
obtain the Tamm-Rubilar tensor density, by straightforward calculation or by 
covariant method. Here we calculate it straightforwardly. Define  
 
Zijkl(χ) ≡ (1/4!) emnpq erstu χmnriχjpskχlqtu. 
   = (1/4!) (1/8)(−q)3/2 emnpq erstu (qmrqni − qmiqnr)(qjsqpk – qjkqps)(qltqqu – qluqqt) 
 = (1/4!) (1/2)(−q)3/2 emnpq erstu qmrqni (qjsqpk – qjkqps)(qltqqu) 
 = (1/4!) (1/2)(−q)3/2 Δijkl,                                       (A1) 
 
with 
 
Δijkl ≡ emnpq erstu qmrqni (qjsqpk – qjkqps)(qltqqu),                        (A2) 
 
we can write the Tamm-Rubilar tensor as 
 
Gijkl(χ) = Z(ijkl)(χ) = (1/4!) (1/2) (−q)3/2 Δ(ijkl).                       (A3) 
 
First calculate Δ1212 and use the equality êmnpq qmrqn1 qp1 qqu = (det qij) êr11u = 0 and 
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êmnpq êrstu q
mrqn1 qps qqu = (det qij) êr1su, we have: 
 
Δ1212:= emnpq erstu qmrqn1 (q2sqp1 – q21qps) (q2tqqu) = 6 (det qij) q21q21.       (A4) 
 
Similarly, 
 
Δ1112 = 6 (det qij) q11q21; Δ1121 = 6 (det qij) q11q12;  
Δ1211 = 6 (det qij) q11q21; Δ2111 = 6 (det qij) q11q12.                     (A5) 
 
From these formulas, we have 
 
Δ(1112) = (1/4) (Δ1112 + Δ1121 + Δ1211 + Δ2111) = 6 (det qij) q(11q12).         (A6) 
 
We note that in the total symmetrizing process q11 is symmetric, i.e. q11 = (S)q11 and the 
antisymmetric parts of q12 and q21 cancel out, hence we have  
 
q(11q12) = (S)q(11(S)q12).                         (A7) 
 
Therefore, we have 
 
Δ(1112) = 6 (det qij) (S)q(11 (S)q12).                   (A8) 
 
From (A3), we have 
 
G1112(χ) = (1/4!) (1/2) (−q)3/2 Δ(1112) = (1/8) (−q)3/2 (det qij) ((S)q(11(S)q12)).     (A9) 
  
By calculation, we also have  
 
    G1111(χ) = (1/4!) (1/2) (−q)3/2 Δ1111 = (1/8) (−q)3/2 (det qij) ((S)q11(S)q12).      (A10) 
 
Similarly, we have 
 
Δ1122 = (det qij) (4 q21q12 + 2 q11q22); 
Δ1212 = 6 (det qij) q21q21; 
Δ1221 = (det qij) (4 q11q22 + 2 q21q12); 
Δ1122 + Δ1212 + Δ1221 = 6 (det qij) (q21q21 + q21q12 + q11q22).           (A11) 
 
Applying permutation 1  2 to obtain 
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Δ2211 + Δ2121 + Δ2112 = 6 (det qij) (q12q12 + q12q21 + q22q11),             (A12) 
 
we have 
 
Δ(1122) = 6 (det qij) (q(11q22)) = 6 (det qij) ((s)q(11q(s)22)),                 (A13) 
 
and 
 
G1122(χ) = (1/8)(−g)3/2 det(qij) q(11q22) = (1/8) (−g)3/2 det(qij) (S)q(11 (S)q22).  (A14) 
 
Similarly, we have by calculation 
 
Δ1123 = (det qij) (4 q31q12 + 2 q11q32); 
Δ1213 = 6(det qij) q31q21; 
Δ1231 = (det qij) (4 q11q23 + 2 q21q13); 
Δ2113 = (det qij) (4 q32q11 + 2 q12q31); 
Δ2131 = 6(det qij) q12q13; 
Δ2311 = (det qij) (4 q12q31 + 2 q32q11) and permutations.                (A15) 
 
Therefore, we have  
 
Δ(1123) = 6 (det qij) (q(11q23)) = 6 (det qij) ((S)q(11q(S)23)),                 (A16) 
 
and 
 
G1123(χ) = (1/8)(−q)3/2 det(qij) q(11q23) = (1/8) (−q)3/2 det(qij) (S)q(11 (S)q23).  (A17) 
 
Finally, we have 
 
Δ0123 = (det qij) (4 q30q12 + 2 q10q32),                              (A18) 
 
and 
 
G0123 = (1/8) (−q)3/2 (det qij) q(01q23) = 6(det qij) (S)q(01q(S)23),            (A19) 
 
Putting (A9), (A10), (A14), (A17), (A19) and their permutations together, we obtain 
 
Gijkl(χ) = (1/8) (−q)3/2 det(qij) q(ijqkl) = (1/8) (−q)3/2 det(qij) (S)q(ij (S)qkl).    (A20) 
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